Abstract. We show that the existence of a homeomorphism between ω * 0 and ω * 1 entails the existence of a non-trivial autohomeomorphism of ω * 0 . This answers Problem 441 in [7] .
Introduction
The Katowice problem is aboutČech-Stone remainders of discrete spaces. Let κ and λ be two infinite cardinals, endowed with the discrete topology. The question now is: if the remainders κ * and λ * are homeomorphic must the cardinals κ and λ be equal?
Since the weight of κ * is equal to 2 κ it is immediate that the Generalized Continuum Hypothesis implies a yes answer. In joint work Balcar and Frankiewicz established that the answer is actually positive without any additional assumptions, except possibly for the first two infinite cardinals. More precisely Theorem ( [1, 4] ). If κ, λ = ℵ 0 , ℵ 1 and κ = λ then the remainders κ * and λ * are not homeomorphic.
This leaves open the following problem
Question. Is it consistent that ω * 0 and ω * 1 are homeomorphic? Through the years some consequences of "ω * 0 and ω * 1 are homeomorphic" were collected in the hope that their conjunction would imply 0 = 1 and thus yield a full positive answer to the Katowice problem.
In the present paper we add another consequence, namely that there is a nontrivial autohomeomorphism of ω * 0 . Whether this implication is true was asked by Nyikos in [6] .
In Section 3 we shall discuss the consequences alluded to above and formulate a structural question related to them.
Preliminaries
We deal withČech-Stone compactifications of discrete spaces exclusively. Probably the most direct way of defining βκ, for a cardinal κ with the discrete topology, is as the space of ultrafilters of the Boolean algebra P(κ), as explained in [5] for example.
The remainder βκ \ κ is denoted κ * and we extend the notation A * to denote cl A ∩ κ * for all subsets of κ. It is well-known that {A * : A ⊆ κ} is exactly the family of clopen subsets of κ * . All relations between sets of the form A * translate back to the original sets by adding the modifier "modulo finite sets". Thus, A * = ∅ iff A is finite, A * ⊆ B * iff A \ B is finite and so on.
Thus we can also look at our question as an algebraic problem:
Question. Is it consistent that the Boolean algebras P(ω 0 )/fin and P(ω 1 )/fin are isomorphic?
Here fin denotes the ideal of finite sets. Indeed, the algebraically inclined reader can interpret A * as the equivalence class of A in the quotient algebra and read the proof below as establishing that there is a non-trivial automorphism of the Boolean algebra P(ω 0 )/fin.
It is easy to define autohomeomorphisms of spaces of the form κ * : simply take a bijection σ : κ → κ and let it act in the obvious way on the set of ultrafilters to get an autohomeomorphism of βκ that leaves κ * invariant. In fact, if we want to induce a map on κ * it suffices to take a bijection between cofinite subsets of κ. For example the simple shift n → n + 1 on ω 0 determines an autohomeomorphism of ω * 0 . We shall call an autohomeomorphism of κ * trivial if it is induced in the above way, otherwise we shall call it non-trivial.
A non-trivial auto(homeo)morphism
In this section we prove our main result. We let γ : ω * → ω * 1 be a homeomorphism and use it to construct a non-trivial autohomeomorphism of ω * . We consider the discrete space of cardinality ℵ 1 in the guise of Z × ω 1 . A natural bijection of this set to itself is the shift to the right, defined by σ(n, α) = n + 1, α . The restriction, σ * , of itsČech-Stone extension, βσ, to (Z × ω 1 ) * is an autohomeomorphism. We prove that ρ = γ −1 • σ * • γ is a non-trivial autohomeomorphism of ω * . To this end we assume there is a bijection g : A → B between cofinite sets that induces ρ and establish a contradiction.
Properties of σ
* and (Z × ω 1 ) * . We define three types of sets that will be useful in the proof: vertical lines V n = {n} × ω 1 , horizontal lines H α = Z × {α} and end sets
These have the following properties.
To establish maximality of the family let C ⊆ Z × ω 1 be infinite and such that C ∩ H α = * ∅ for all α; then A = {α : C ∩ H α = ∅} is infinite. For each α ∈ A let n α = max{n : n, α ∈ C}; then { n α + 1, α : α ∈ A} is an infinite subset of σ[C] \ C, and hence σ
Proof. For each α such that H * α ⊆ C * let F α be the finite set {n : n, α / ∈ C}. There are a fixed finite set F and an uncountable subset A of ω 1 such that F α = F for all α ∈ A; S = {0} × A is as required.
Translation to
Thus we obtain an almost disjoint family {v n : n ∈ Z} ∪ {h α : α ∈ ω 1 } with properties analogous to those of the family {V n : n ∈ Z} ∪ {H α : α ∈ ω 1 }, these are
Claim 2.2.2. {h * α : α < ω 1 } is a maximal disjoint family of g * -invariant clopen sets.
Claim 2.2.3. If c is infinite and h α ⊆
* c for uncountably many α then there is a subset S of v 0 such that S ∩ e α is infinite for all α and such that g n [S] ⊆ * c for all but finitely many n.
Orbits of g.
By defining finitely many extra values we can assume that one of A and B is equal to ω and, upon replacing σ by its inverse, we may as well assume that A = ω.
For k ∈ ω we let I k = {n ∈ Z : g n (k) is defined} and O k = {g n (k) : n ∈ I k } (the orbit of k). Claim 2.3.1. Each h α splits only finitely many orbits.
Proof. If h α splits O k then there is an n ∈ I k such that g n (k) ∈ h α but (at least) one of g n+1 (k) and
It follows that each orbit split by h α meets the symmetric difference of g[h α ] and h α ; as the latter set is finite and orbits are disjoint only finitely many orbits can intersect it.
We divide ω into two sets: F , the union of all finite g-orbits, and G, the union of all infinite g-orbits.
Claim 2.3.2. If O k is infinite then there are at most two αs for which O k ∩ h α is infinite.
Proof. First we let k ∈ ω \ B; in this case I k = ω and the orbit O k is infinite. The set O * k is g * -invariant, hence O k ∩ h α is infinite for some α. In fact: O k ⊆ * h α (and so α is unique); for let J = {n :
It follows that the set X = {O k : k ∈ ω \ B} is, save for a finite set, covered by finitely many of the h α .
Next let k ∈ ω \ X; in this case I k = Z, and the orbit O k may be finite or infinite. In case O k is infinite both {g n (k) : n < 0} * and {g n (k) : n ≥ 0} * are g * -invariant. The argument above applied to both sets yields α 1 and α 2 (possibly identical) such that {g n (k) : n < 0} ⊆ * h α1 and {g
The following claim is the last step towards our final contradiction.
Claim 2.3.3. For all but countably many α we have h α ⊆ * F .
Proof. By Claim 2.3.2 the set D of those α for which h α meets an infinite orbit in an infinite set is countable: each such orbit meets at most two h α s and there are only countably many orbits of course. If α / ∈ D then h α meets every infinite orbit in a finite set and it splits only finitely many of these, which means that it intersects only finitely many infinite orbits, and hence that it meets G in a finite set.
2.4. The final contradiction. We now apply Claim 2.2.3 to F . It follows that there is an infinite subset S of v 0 such that g n [S] ⊆ * F for all but finitely many n. In fact, as F is g-invariant one n 0 suffices: we can then first assume that g n0 [S] ⊆ F (drop finitely many points from S) and then use g-invariance of F to deduce that
as a union of orbits this set is g-invariant. There must therefore be an α such that E ∩ h α is infinite. Now there are infinitely many k ∈ E such that h α intersects O k ; by Claim 2.3.1 h α must contain all but finitely many of these. This means that O k ⊂ h α for infinitely many k ∈ S and hence that h α ∩ v 0 is infinite, which is a contradiction because h α and v 0 were assumed to be almost disjoint.
A question
Our result does not settle the Katowice problem but it may point toward a final solution. We list the known consequences of the existence of a homeomorphism between ω * and ω *
there is a strong Q-sequence (4) there is a strictly increasing ω 1 -sequence O of clopen sets in ω * 0 such that O is dense and ω * 0 \ O contains no P -points Not only is each of these consequences consistent with ZFC but in [2] Chodounský provides a model where these consequences hold simultaneously.
The three structural consequences can all be obtained using the same sets that we employed in the construction of the non-trivial autohomeomorphism. First we use the sets v n to make ω resemble Z × ω: first make them pairwise disjoint and then identify v n with {n} × ω via some bijection between ω and Z × ω.
Our consequences are now obtained as follows
(1) For every α < ω 1 define f α : Z → ω by f α (m) = min{n : m, n ∈ e α }; the family {f α : α < ω 1 } witnesses d = ℵ 1 : for every f : Z → ω there is an α such that {n : f (n) ≥ f α (n)} is finite. (2) The family {h α : α ∈ ω 1 } is a strong Q-sequence: assume a subset x α of h α is given for all α; then there is a single subset x of ω such that x * ∩ h * α = x * α for all α. (3) Let b α be the complement of e α ; then b * α : α < ω 1 is the required sequence: the complement of α b * α consists of the uniform ultrafilters on ω 1 , non of these is a P -point.
It seems feasible, though it may be a pipe dream, that having this structure realizing these consequences simultaneously and our non-trivial autohomeomorphism would lead to a contradiction that would finally lay the Katowice problem to rest.
On the other hand, in [2] Chodounský starts with sets much like our sets h α and e α , which give him witnesses for d = ℵ 1 and forces to make the h α form a strong Q-sequence and to have no P -points in the final model. It would not seem too far-fetched that one may add in a homeomorphism that behaves like our ρ as well.
